We derive microscopic expressions for the bulk viscosity, shear viscosity and thermal conductivity of a quantum degenerate Bose gas above TC , the critical temperature for Bose-Einstein condensation. The gas interacts via a contact potential and is described by the Uehling-Uhlenbeck equation. To derive the transport coefficients, we use Rayleigh-Schrodinger perturbation theory rather than the Chapman-Enskog approach. This approach illuminates the link between transport coefficients and eigenvalues of the collision operator. We find that a method of summing the second order contributions using the fact that the relaxation rates have a known limit improves the accuracy of the computations. We numerically compute the shear viscosity and thermal conductivity for any boson gas that interacts via a contact potential. We find that the bulk viscosity remains identically zero as it is for the classical case.
I. INTRODUCTION
Kinetic equations provide a means to derive microscopic expressions for the transport coefficients appearing in the equations of fluid hydrodynamics. The transport coefficients for dilute gases at high temperature can be computed using the Boltzmann equation. However, when the temperature is lowered enough that quantum degeneracy begins to affect the behavior of the gas, one must use the Uehling-Uhlenbeck equation [1, 2] . The UehlingUhlenbeck (U-U) equation is a semiclassical extension of the Boltzmann equation that accounts for the identity of the particles.
There are historically two main approaches to computing transport coefficients. Most authors [3] [4] [5] use the methods outlined by Chapman and Enskog [6] . However, there is another method [7] which allows more direct access to the microscopic hydrodynamic modes of the system and produces a more direct relation between the transport coefficients and the collision operator of the linearized U-U equation. We use this second method to compute the transport coefficients of dilute degenerate boson gases.
The transport coefficients are macroscopic quantities which can be measured experimentally. A connection between the transport coefficients and the microscopic interactions between particles allows one to measure atomic properties with a macroscopic apparatus. Conversely, one can make predictions on the macroscopic behavior of the gas based on a microscopic model. These types of relations are important in atomic physics, where controlling the behavior of trapped cold atoms is essential.
Transport coefficients determine the rate of entropy production in fluids. They are primarily responsible for the damping of hydrodynamic modes, and are intrinsi-cally linked to the relaxation of the gas to global equilibrium. The non-zero eigenvalues of the collision operator are also linked to the relaxation of the gas to equilibrium [8, 9] , and a direct relation exists between the transport coefficients and the eigenvalues of the collision operator.
Recently, there has been much interest in the viscosity of various high-energy and exotic systems [3, [10] [11] [12] [13] . This is chiefly due to importance of modeling the aftermath of high-energy collisions and the recent prediction of a universal limit on the ratio of viscosity and entropy density. Our method of calculation may be applicable to these system with the appropriate modifications.
In Section II we introduce the U-U equation and in Section III, we linearize it and introduce an abstract velocityspace basis that will be used for calculation. Section IV gives a brief discussion of the hydrodynamic modes and their frequencies, and how these differ for the Bose gas. In Section V we derive microscopic expressions for the hydrodynamic frequencies by relating them the to the collision operator. In VI we combine the results of the previous two seconds to derive explicit expressions for the bulk viscosity, thermal conductivity and shear viscosity of the gas. Section VII contains the result and discussion of our numerical calculation of the transport coefficients. We conclude by summarizing our results in Sec. VIII.
II. UEHLING-UHLENBECK EQUATION
We consider a dilute gas of non-condensed bosons that interact via a contact potential U (r) = U 0 δ 3 (r), where U 0 = 4π 2 a/m, is Planck's constant, a is the s-wave scattering length, and m is the mass of a particle. The derivation of a kinetic equation for this system is discussed in Ref. [14] . Above the critical temperature for Bose-Einstein condensation, the dynamics of the gas is governed by the Uehling-Uhlenbeck (U-U) kinetic equation which can be written
where p 1 and r are momentum and position of the bosons, respectively, and f 1 = f (r, p 1 , t) is the phase space number density of bosons in the phase space volume p 1 →p 1 +dp 1 and r→r+dr at time t. It is normalized so that dr dp
where N is the average number of particles in the gas. The quantity C[f 1 ] is the collision integral and is defined
m 2 π 3 3 dp 2 dp 3 dp 4 × δ
where ǫ 1 = p 2 1 /(2m). The collision integral explicitly conserves particle number, momentum and energy. This can be seen from the five integrals dp C[f (r, p, t)] = 0, dppC[f (r, p, t)] = 0 and dpp 2 C[f (r, p, t)] = 0. The stationary state (long-time global equilibrium) solution of the U-U equation is the Bose-Einstein distribution
where T is the equilibrium temperature in Kelvin, µ is the equilibrium chemical potential, and k B is Boltzmann's constant. Integrating f 0 (p 1 ) over momentum gives the equilibrium particle density n 0 of the gas n 0 = dp
where λ T = 2π 2 mkB T is the thermal wavelength, z = e µ/(kB T ) is the fugacity and Li 3/2 (z) is a polylogarithm. Polylogarithms appear repeatedly for degenerate gases and are defined by
For simplicity we will use the notation σ n = Li n+1 2 (z). It is useful to introduce a dimensionless momentum
Then the Uehling-Uhlenbeck equation can be written
where the dimensionless collision integral C ′ [f 1 ] is given by
and
which now depends on the fugacity and equilibrium temperature.
III. LINEARIZED U-U EQUATION
In computing transport coefficients, it is sufficient to consider the relaxation of the gas when it is close to equilibrium. In that case, the distribution function f (r, c 1 , t) will be a slowly varying function of r, and will be close to its equilibrium value. We can then linearize the U-U equation for small, spatially uniform deviations from equilibrium and determine the characteristic rates and modes of relaxation. This calculation was carried out in Ref. [9] . We now focus on the transport coefficients which require that we deal with spatially varying deviations from equilibrium. We linearize the U-U equation by writing
where
− z) and Φ(r, c 1 , t) contains information about the small deviations from equilibrium and satisfies |Φ| ≪ 1. We substitute (10) into (8) and neglect terms of quadratic and higher order in Φ and obtain
where Φ 1 = Φ(r, c 1 , t) and
We now take the Fourier transform of both the space and time dependence of (11) according to
where A is a constant with units of volume × time that makes φ(k, c 1 , ω) dimensionless. Since Eq. (11) is linear, the value of A is irrelevant in the following analysis. In terms of φ(k, c 1 , ω), the linearized U-U equation then takes the form
where φ 1 = φ(k, c 1 , ω). Equation (14) governs the relaxation of deviations from equilibrium with wave vector k and frequency ω.
A. Momentum Basis
Since (14) is linear, deviations φ(k, c 1 , ω) will not be coupled to those of different wavevectors or frequencies and we may suppress the dependence of φ(k, c 1 , ω) on k and ω. We can greatly simplify the notation in the following calculations by introducing an abstract vector |φ and making the interpretation φ(c 1 ) = c 1 |φ where |c 1 represents an abstract momentum basis. We define the inner product between two abstract vectors as
where the weighting factor w(c 1 ) is defined
With this weighting factor, the scalar product is normalized to one so 1|1 = 1. Note that with this definition of the scalar product,
If we interpret C[φ] as c 1 |Ĉ|φ , whereĈ is an abstract operator corresponding to the collision operator, we can show that this definition of the weighting function makes the collision operator symmetric in the sense that c 1 |Ĉ|c 2 = c 2 |Ĉ|c 1 .
In the momentum basis, the collision operatorĈ can in general be expressed aŝ
where C(c 1 , c 5 ) = c 1 |Ĉ|c 5 is the "kernel function" of C. With this form of the collision operator, we see that
By Comparing this expression with (12), we can deduce that the kernel function of the collision operator is
The kernel function is symmetric under interchange of c 1 and c 5 , meaning that the operatorĈ is hermitian and has real eigenvalues.
B. Angle Basis
We will find it convenient to introduce the "angle" basis, |c, l, m , which is defined by the inner product with the momentum basis as
Given this definition, we can deduce that
and that the identity operator is
where in the summation, l runs from zero to infinity and m runs from −l to l. The angle basis |c, l, m will provide an elegant and economical way to perform calculations that would be very tedious in the momentum basis. The collision operator can also be expressed in the angle basis aŝ
is the angular kernel function. Since the kernel function C(c 1 , c 2 ) possesses rotational symmetry, the angular kernel function is diagonal in l and m and independent of m [9] . This special result allows us to write the collision operator aŝ
and P l is a Legendre polynomial.
C. Spectrum of the Collision Operator
The spectrum of the collision operator plays a fundamental role in both the derivation of the hydrodynamic equations and the calculation of transport coefficients. By inspection, we can see that the collision operator has five zero eigenvalues which correspond to the five conserved quantities (particle number, momentum and energy) in a two-body collision. The non-zero eigenvalues are all positive, and approach a finite limiting value λ M = σ3 z [9, 15] .
The representation ofĈ in the |c, l, m basis shows that the eigenfunctions of the collision operator are states of definite l and m. This allows us to use the indices n, l, m to label the eigenfunctions |φ n,l,m ofĈ and write
where φ n,l (c) is the radial part of the eigenfunction. This is a property of the collision operator that follows from its rotational invariance. If we define φ n,l,m (c, θ, ϕ) = c|φ n,l,m , where |c = |c, θ, ϕ in spherical coordinates, then the radial part of the eigenfunction is given by
For example, the particle number conservation eigenfunction is φ 0,0,0 (c) = 1 and the radial part is φ 0,0 (c) = c 4πw(c).
The radial part of the eigenfunctions satisfy the orthogonality condition
Finally, we express the linearized U-U equation as an operator equation. Without any loss of generality, we can assume that the wave vector k = kê z , whereê z is a unit vector along the z-direction. The U-U equation then takes the form
whereĉ z is now an operator defined bŷ
We now have the U-U equation in a form that allows us to determine the microscopic frequencies as a perturbation expansion in powers of k. However, before we are able to determine the transport coefficients, we must relate transport coefficients to the frequencies of the linearized hydrodynamic equations.
IV. HYDRODYNAMIC NORMAL MODES
A derivation of the linearized hydrodynamic equations and the hydrodynamic normal mode frequencies for a fluid of point particles at temperatures above the critical temperature for Bose-Einstein condensation can be found in [16] (Chapter 8). For such a fluid there are five microscopically conserved quantities and therefore five hydrodynamic normal modes. The normal mode frequencies are as follows.
where c n and c P are the specific heats at constant density and pressure, respectively, κ is the thermal conductivity, η is the shear viscosity, and ζ is the bulk viscosity. The speed of sound is given by
For the non-condensed dilute boson gas, the specific heats are easily obtained from the grand potential
From this we derive the the entropy density,
The specific heats are then given by
In the next section, we derive the normal mode frequencies (31) from the linearized U-U equation and thereby find microscopic expressions for the transport coefficients.
V. MICROSCOPIC NORMAL MODE FREQUENCIES
To obtain microscopic expressions for the hydrodynamic normal mode frequencies, we return to the U-U equation (29) and apply standard Rayleigh-Schroedinger perturbation theory, using the wavevector k as the small parameter and v T kĉ z as the perturbation. As a first step in applying perturbation theory, we expand ω and |φ in powers of k so that ω = ω (0) + kω
. . and we then substitute these equations into (29). We then require that the coefficients of each power of k vanish separately.
A. Zeroth Order U-U Equation
In the limit when k = 0, (29) can be written
From this it is clear that the unperturbed eigenvectors |φ (0) β are just the eigenvectors of the collision operator C. Let us denote the eigenvalues of the collision operator as λ β so thatĈ
We will denote the five degenerate "zero" eigenvalues ofĈ by β = 1, . . . , 5. The remaining positive nondegenerate eigenvalues ofĈ will be denoted by β = 6, . . . , ∞. The five eigenvectors ofĈ corresponding to the five "zero" eigenvalues represent the microscopically conserved quantities. Properly normalized according to Eq. (15), they are given by
Since these five eigenvectors all have eigenvalues λ β = 0, we must apply degenerate perturbation theory [16, 17] to determine the particular linear combinations of |φ (0) β (β = 1, . . . , 5) that will give a well defined perturbation expansion. Straightforward application of degenerate perturbation theory yields the following appropriate zeroth order eigenvectors ofĈ,
where α = 3σ 2 2 /(5σ 0 σ 4 ). For β > 6, |ψ
β . Continuing, we obtain the perturbation expansion for the eigenfrequencies of the linearized U-U equation.
We now focus on only the frequencies of modes that correspond to hydrodynamic modes. To do this, we restrict β to only take the values β = 1, . . . 5. These modes represent the conserved quantities and have λ β = 0. The restriction in the sum in Eq. (41) that λ β ′ = λ β means that β ′ will only take the values β ′ ≥ 6. The sum over β ′ is a sum over only the non-hydrodynamic microscopic modes.
With these considerations, we may rewrite Eq. (41) as
From this, one can see that since the eigenvalues λ β ′ are all positive, the second order (k 2 ) correction to the frequency lies on the negative imaginary axis. Since the hydrodynamic modes vary in time as e −iωt = e −iω (1) t−|ω (2) |t , all effects of order k 2 result in damping of the hydrodynamic modes towards global equilibrium. Thus ω (2) represents dissipative effects and will be closely related (in fact proportional) to the dissipative transport coefficients of viscosity and thermal conductivity.
B. Calculation of First Order Corrections
The first order corrections to the hydrodynamic frequencies are given by
It is straightforward to compute these quantities in the angle basis and we find
and − ω
This result implies the existence of a sound waves traveling at the speed c s , which matches the result (32) obtained from hydrodynamics. In appendix A we discuss some of the details of carrying out these calculations in the angle basis.
C. Calculation of Second Order Corrections
The second order correction to the hydrodynamic frequencies ω β (β = 1, ...5) is given by
This expression is exact, but requires knowledge of all of the eigenvalues and eigenvectors of the collision operator. Computation of the eigenvalues and eigenvectors of the collision operator was discussed in some detail in [9] , where it was found that there are an infinite number of eigenvalues that converge to an upper limit λ M = σ 3 /z. This means that the denominator in the sum never becomes large and large groups high order eigenvectors may have a cumulative effect on the sum. In practice, the eigenvalues and eigenvectors of the collision operator must be computed numerically. For an N × N matrix representation of the collision operator, there will be a finite number of eigenvalues that converge to the value λ M . The remaining eigenvalues will be erroneous because they exceed λ M .
Let us define β max as the highest value of β ′ for which λ β ′ < λ M . We consider the eigenvalues and eigenvectors for β ′ > β max to be unreliable due to numerical errors. The problem with using Eq. (46) is that it uses these unreliable higher order eigenmodes. This leads to an underestimation of the sum, as the eigenvalues λ β ′ are larger than they should be. Still, the contributions of these higher order eigenmodes are not negligible, and completely neglecting terms with β ′ > β max will give erroneous values.
We can accomplish this by using a trick that is based upon the fact that the eigenvalues converge to the upper limit λ M . We shall assume that all eigenvalues with β ′ > β max are so close to λ M that they may be replaced with λ M in Eq. (46). We proceed as follows.
We can split the sum in Eq. (46) into two parts,
where the first term accounts for the eigenmodes which are given accurately from the numerical calculation, and the second term contains all higher order eigenmodes, which are not accurately determined by the numerical calculation.
The second term on the R.H.S of Eq. (47) can be further split into three parts,
The first term on the R.H.S. can be identified as ψ 
. This expression for ω
does not depend on any of the unreliable eigenmodes. Equation (49) is approximate because we have obtained it by approximating the eigenvalues above β max by λ M . This, however, is a far better approximation that using Eq. (46), where eigenvalues above β max exceed λ M .
Even in the extreme case where all eigenvalues and eigenvectors are known exactly, we consider Eq. (49) to be preferable because the sum in Eq. (49) converges extremely rapidly. This is due to the fact that the eigenvalues λ β ′ quickly approach λ M and thus µ β ′ quickly becomes very large.
We now divide the calculation of the second order corrections into two pieces,
so that
Note that this expression does not depend on any numerically obtained eigenvalues or eigenvectors with β ′ > β max , and yet it accurately includes the contributions of these terms through ∆ β .
Intuitively, ∆ β represents the result that would be obtained if all non-zero eigenvalues were assumed equal to λ M and Ω β represents corrections due to the fact that the first few non-zero eigenvalues are substantially different from λ M . It is interesting to note that ∆ β is essentially the variance ofĉ z in the hydrodynamic mode |ψ
It is straightforward to compute values of ∆ β for β = 1, . . . 5 and we obtain
The calculation of Ω β is more tedious but is simplified by using the |c, l, m basis. We now switch to labeling the eigenmodes by n, l, m rather than β ′ . The range of the summation on β ′ , (6, . . . β max ), restricts the range of the n summation to values for which 0 < λ n,l < λ M . We then have
In carrying out the calculation of Ω β for this five cases (β = 1, . . . 5), we find that the only remaining summation is over n. The range of n must be restricted so that 0 < λ n,l < λ M . Let us define n (l) max in analogy with β max as the largest value of n for which λ n,l < λ M for a given value of l. We then obtain
The lower limits of the n summations come from the condition that λ n,l > 0. More details concerning the calculation of ∆ β and Ω β can be found in appendix A. We further define
Note that S n is identically zero for n ≥ 2. This occurs because c 3 w(c) is a linear combination of ψ n,0 (c) for n ≥ 2 and the integral in S n gives zero for n ≥ 2. Only the two values S 0 and S 1 are non-zero.
The sum over n in the expression for Ω 0 does not include the two terms with n = 0 and n = 1. This is because λ 0,0 and λ 1,0 are zero. This fact, combined with the fact that S n = 0 for n ≥ 2, leads to Ω 0 = 0, and as we will see, zero bulk viscosity.
VI. MICROSCOPIC EXPRESSIONS FOR TRANSPORT COEFFICIENTS
By comparing the eigenfrequencies of the U-U equation to the hydrodynamic frequencies, we obtain
As discussed in the previous section, Ω 0 = 0 and therefore the bulk viscosity is identically zero. The fact that a monatomic gas has zero bulk viscosity is well known [18, 19] . We have shown that this result follows from the conserved quantities and the rotational invariance of the collision operator.
The transport coefficients can be expressed in terms of pure functions of the fugacity z by defining
Then,
and 2mκ 
VII. NUMERICAL CALCULATION OF TRANSPORT COEFFICIENTS
The numerical calculation of the transport coefficients follows closely from a numerical calculation of the eigenvalues of the collision operator. In Ref. [9] we discussed the method for obtaining the eigenvalues of the U-U equation. Of importance is the fact that this calculation requires numerical diagonalization of the "collision matrix", which is a finite-sized representation of the collision operator. All of our results were obtained by performing the calculation with eight different matrix sizes from 490 to 2205, and extrapolating these results to an infinite matrix size.
In Figures 1 and 2 we show our numerical results for the transport coefficients. Fig. 1 shows the dependence of the dimensionless transport coefficients on the fugacity (z) in dimensionless units. Fig. 2 shows the dependence on the reduced temperature T /T C , where T C is the critical temperature for Bose-Einstein condensation. Note that the physical transport coefficients have an overall dependence on √ T , which is divided out in the dimensionless transport coefficients. We also plot the dimensionless ratio mκ/(ηc n ), which is known as the "Euken number" and is related to the Prandtl number.
Filled circles depict the "Full" result of Eqs. (68) and (69). For comparison, with each curve we have plotted two horizontal lines. Crosses depict the "classical Boltzmann" result, which is simply the "full" result at z = 0 extended to finite z. Open circles depict the "first order classical" result that appears in many textbook and is found when the Chapman-Enskog method is applied to first order in Sonine polynomials. In the "first order classical" calculation, mκ/(ηc n ) is exactly equal to 5/2.
The "first order classical" is noticeably smaller than the "full" result. This can be understood by considering Eq. (49) with M so large (as discussed in Sec. V C) that all eigenmodes (even ones that are inaccurate) are included. What we find is that as we go to higher order eigenmodes, numerical error causes µ β ′ to become negative. These negative terms, which are unphysical and should not really be included, cause the sum to drop from the "full" value to the "first order classical" value. We conclude that the "full" value is more accurate and that the expansion in Sonine polynomials which produces the "first order classical" result underestimates the contributions of the higher order eigenmodes.
The transport coefficients for this degenerate boson gas are indistinguishable from the classical Boltzmann values temperatures above 20T C and become sensibly different for T < 10T C . As one approaches T C , the dimensionless viscosity decreases to a value that is approximately 82% of its value at high temperature. The dimensionless thermal conductivity shows a minimum around T = 1.5T C at approximately 95% of its high temperature values and then increases as the temperature approaches T C . We currently do not have a simply physical explanation for this behavior.
VIII. CONCLUSION
We have derived an expression for the transport coefficients of a monatomic dilute Bose gas that obeys the Uehling-Uhlenbeck kinetic equation. Our expression relates the transport coefficients to a spectral decomposition of the linearized collision operator. This is in contrast to the standard Chapman-Enskog method which uses an expansion in orthogonal polynomials.
The accuracy of our method relies only of the accuracy with which the eigenvalues and eigenvectors of the collision operator can be calculated. For a gas interacting with a contact potential, we can exploit the form of the eigenvalue spectrum to obtain a formula that does not depend on the unreliable eigenmodes and is influenced less by numerical errors.
We have calculated the transport coefficients of a Bose gas interacting with a contact potential for several values of the fugacity. Overall, we find the expected decrease of the transport coefficients with fugacity, owing to the increased scattering produced by the Bose enhancement factors in the collision integral. However, we observe a sharp increase in the thermal conductivity as the temperature nears T C . We also find that using the U-U equation instead of the Boltzmann equation does not change the fact the the bulk viscosity for a monatomic gas is zero.
Our calculations of the transport coefficients at high temperature differ from the first order classical values that are found in many textbooks. We attribute this difference to our proper handling of higher order terms, which are neglected in the first order classical results.
